Abstract. We consider a pair consisting of an invertible polynomial and a finite abelian group of its symmetries. Berglund, Hübsch, and Henningson proposed a duality between such pairs giving rise to mirror symmetry. We define an orbifoldized signature for such a pair using the orbifoldized elliptic genus. In the case of three variables and based on the homological mirror symmetry picture, we introduce two integral lattices, a transcendental and an algebraic one. We show that these lattices have the same rank and that the signature of the transcendental one is the orbifoldized signature. Finally, we give some evidence that these lattices are interchanged under the duality of pairs.
Introduction
Let X be a smooth compact Kähler manifold of dimension n. The Hodge numbers h p,q (X) := dim C H q (X, Ω p X ), p, q ∈ Z, are some of the most important numerical invariants of X. They satisfy h p,q (X) = h q,p (X), p, q ∈ Z, and the Serre duality h p,q (X) = h n−p,n−q (X), p, q ∈ Z.
Let n be even. Then the intersection form on the free part of the middle homology group H n (X, Z)/Tors(H n (X, Z)) is a non-degenerate symmetric bilinear form. Let µ + and µ − be the number of positive and negative eigenvalues of this form respectively. Then one has the following well-known formulas for these numbers:
There are analogues of these formulas for the Milnor fibre of a weighted homogeneous polynomial f (x 1 , . . . , x n ), n odd, with an isolated singularity at the origin. There, the analogue of the multi-set {q * h p,q (X) | p, q ∈ Z, h p,q (X) = 0}, where by u * v we denote v copies of the integer u, above will be the set of exponents of f (x 1 , . . . , x n ), which is a set of rational numbers and is also one of the most important numerical invariants defined by the mixed Hodge structure associated to f (x 1 , . . . , x n ).
Let f (x 1 , . . . , x n ) be a non-degenerate weighted homogeneous polynomial, namely, a polynomial with an isolated singularity at the origin with the property that there are positive rational numbers w i , i = 1, . . . , n, such that f (λ w 1 x 1 , . . . , λ wn x n ) = λf (x 1 , . . . , x n ), λ ∈ C\{0}.
Let {z β | β ∈ I ⊂ N n } be a set of monomials in ). For β ∈ I, let l(β) = n i=1 (β i + 1)w i . Let V f = f −1 (1) be the Milnor fibre of f .
One has the following theorem due to J. H. M. Steenbrink.
Theorem 1 (cf. [St2] ). Let µ + , µ − , and µ 0 be the number of positive, negative and zero eigenvalues of the intersection form on H n−1 (V f , R) respectively. Then µ + = ♯{β ∈ I | l(β) ∈ Z and [l(β)] even}, µ − = ♯{β ∈ I | l(β) ∈ Z and [l(β)] odd},
A special case of a non-degenerate weighted homogeneous polynomial is a so-called invertible polynomial. This is a polynomial which has as many terms as there are variables. P. Berglund and T. Hübsch [BHu] considered a duality between such polynomials which is related to mirror symmetry: to an invertible polynomial f is associated its transpose f . Berglund and M. Henningson [BHe] generalized this to an orbifold setting. A LandauGinzburg orbifold is a pair (f, G) where f is an invertible polynomial and G a (finite) abelian group of symmetries of f . To such a pair they associate a dual pair ( f , G). One can assign a set of exponents to such a pair, see [ET2, ET3, EGT] . The generating function of this set of exponents is the orbifold E-function. In joint work with S. M. Gusein-Zade [EGT] , it was shown that there is a symmetry property of the orbifold E-functions of Berglund-Hübsch-Henningson dual pairs.
Here we derive certain properties from this symmetry property. Namely, we first show that this yields the symmetry of the orbifoldized elliptic genera as predicted by
Berglund and Henningson [BHe] and T. Kawai and S.-K. Yang [KY] . We show how to obtain the signature of the Milnor lattice from the unorbifoldized elliptic genus. This gives a definition of the signature for the orbifold case. This leads to the question of the realization of a lattice with this signature in the orbifold case. In the case n = 3, we offer two lattices, one for the A-model in the case G ⊂ SL(3; C) ∩ G f , the other one for the dual B-model in the case G 0 ⊂ G, where G 0 is the subgroup of the group G f of all diagonal symmetries generated by the exponential grading operator. In both cases, we
show that these lattices have the correct rank. Moreover, in the case G ⊂ SL(3; C), we
show that it has the correct signature. We give some evidence that these lattices are the correct generalizations of the Milnor lattice.
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Landau-Ginzburg orbifolds
In this section we collect some definitions and facts about Landau-Ginzburg orbifolds.
A non-degenerate weighted homogeneous polynomial f (x 1 , . . . , x n ) is called invertible if the following conditions are satisfied:
(i) the number of variables (= n) coincides with the number of monomials in the polynomial f (x 1 , . . . x n ), namely,
for some coefficients c i ∈ C * and non-negative integers E ij for i, j = 1, . . . , n,
(ii) a system of weights (w 1 , . . . , w n ; 1) can be uniquely determined by the polynomial f (x 1 , . . . , x n ), namely, the matrix E := (E ij ) is invertible over Q.
be an invertible polynomial. The group of diagonal symmetries G f of f is the finite abelian group defined by
In other words
Note that G f always contains the exponential grading operator
where e[−] := e 2π √ −1·− . Denote by G 0 the subgroup of G f generated by g 0 .
Let f (x 1 , . . . , x n ) be an invertible polynomial and G a subgroup of G f . The pair (f, G) is called a Landau-Ginzburg orbifold. For g ∈ G, we denote by Fix g := {x ∈ C n | g · x = x} the fixed locus of g, by n g := dim Fix g its dimension and by f g := f | Fix g the restriction of f to the fixed locus of g. Note that the function f g has an isolated singularity at the origin [ET3, Proposition 5].
Y. Ito and M. Reid [IR] introduced the notion of the age of an element of a finite group as follows: Let g ∈ G be an element and r be the order of g. Then g has a unique expression of the following form g = e p 1 r , . . . , e p n r with 0 ≤ p i < r.
(Such an element g is often simply denoted by g = 1 r
(p 1 , . . . , p n ).) The age of g is defined
Berglund and Hübsch [BHu] defined the dual polynomial f of f as follows. Let
Berglund and Henningson [BHe] defined the dual group G of G as follows:
One can see that G 0 ⊂ G if and only if G ⊂ SL(n; C) ∩ G f .
Orbifoldized elliptic genus
Let f (x 1 , . . . , x n ) be a non-degenerate weighted homogeneous polynomial with weights w 1 , . . . , w n and degree d. Let τ be an element of the upper half plane, z ∈ C, q = e 
where
and ϑ 1 (τ, z) is one of the Jacobi theta functions, namely
Then the orbifoldized elliptic genus is defined as follows (cf. [KYY, KY] ). Let a = (a 1 , . . . , a n ) stand for the element (e[a 1 w 1 ], . . . , e[a n w n ]) of G. Then
The elliptic genus specializes to the χ y -genus. Let
. One obtains the following formula (cf. [ET3] ):
Now let f be an invertible polynomial and let G be a subgroup of G f with G ⊂ SL(3; C) ∩ G f or G 0 ⊂ G. We consider the Landau-Ginzburg orbifold (f, G) and the
We recall the definition of this function. Steenbrink [St1] constructed a canonical mixed
Hodge structure on the vanishing cohomology H n−1 (V f , C) of f with an automorphism c given by the Milnor monodromy. In our situation, the automorphism c coincides with the one induced by the action of g 0 ∈ G f on C n , which is semi-simple. For λ ∈ C, let
Denote by F • the Hodge filtration of the mixed Hodge structure.
We can naturally associate a Q×Q-graded vector space to the mixed Hodge structure with an automorphism. Define the Q × Q-graded vector space
where [p] is the largest integer less than p.
Z-indexed pure Hodge structure of weight n in the sense of T. Yasuda [Ya, Sect. 3.8] . Define the bi-graded C-vector space H f,G as
This is a 1 d
Z-indexed mixed Hodge structure in the sense of [Ya] .
Definition. The Hodge numbers for the pair (f, G) are
Definition. The rational number q with H p,q f,G = 0 is called an exponent of the pair (f, G). The set of exponents of the pair (f, G) is the multi-set of exponents
where by u * v we denote v copies of the rational number u.
The orbifold E-function E(f, G)(t,t) is the generating function of these exponents.
For a precise definition see [EGT] . We have
Theorem 2. Let f (x 1 , . . . , x n ) be an invertible polynomial and G a subgroup of G f . Then
Corollary 3. Let f (x 1 , . . . , x n ) be an invertible polynomial and G a subgroup of G f . Then
Proof. Let us consider the function
This is a meromorphic function in z. By [KYY, (4.10)], we have
Equations (2.1), (2.2), and (2.3) imply that φ is constant. By Theorem 2, we have
Therefore φ is identically equal to one (cf. also the paper of P. Di Francesco and S. Yankielow-
Orbifoldized signature
Let f (x 1 , . . . , x n ) be a non-degenerate weighted homogeneous polynomial with weights w 1 , . . . , w n and let n be odd. We have the following reformulation of [St2, Sect. 5, Corol-
Theorem 4. Let µ + , µ − , and µ 0 be the number of positive, negative and zero eigenvalues of the intersection form on H n−1 (V f , R) respectively. Then
Let sign f = µ + −µ − be the signature of the Milnor fibre V f of f . Then the signature of the Milnor fibre can be computed from the elliptic genus Z(τ, z) as follows:
Proposition 5. We have
Proof. Let h : R → {−1, 0, +1} be the function defined by
By Theorem 4, we have
By F. Hirzebruch and D. Zagier [HZ, p. 105 ], this formula is equal to
On the other hand, we have by the definition of the elliptic genus
where y = e 2π √ −1z . From this we can deduce the formula of the proposition.
, the signature of V f can already be derived from the χ y -genus by substituting y = e 2π √ −1z .
Proposition 5 leads to the following definition of an orbifoldized signature.
Definition. Let f (x 1 , . . . , x n ) be a non-degenerate weighted homogeneous polynomial, G be a subgroup of G f , and let n be odd. The orbifoldized signature is defined by
Remark 7. From the proof of Proposition 5, one can see that the analogues of the right-hand side equalities of Theorem 4 for {id} replaced by G hold.
From Corollary 3 we get
Orbifold lattices
Let f (x 1 , . . . , x n ) be an invertible polynomial, G a subgroup of G f , and let n = 3.
We offer two lattices which conjecturally have the orbifoldized signature. 
We have an exact sequence [ET4]
Moreover, we have
Definition. We define the orbifoldized Milnor lattice Λ
f,G to be the free part of
equipped with the restriction of the intersection form on H 2 (Z; Z) to the image of ι.
We have the following facts.
f,G is the usual Milnor lattice H 2 (V f ; Z) with the intersection form.
(ii) The rank of Λ
f,G we have
In particular, µ + − µ − = sign(f, G).
Moreover, one can show that there are the following isomorphisms (cf. [ET4, (2.16)]):
Denote by MHS 1/d the category of 
By Poincaré duality, we get from this
Similarly, we obtain for
From Equations (4.3) and (4.4) we obtain
In particular, we obtain
By the isomorphisms (4.1) and (4.2), we get
More precisely, by comparing weights, we have the following isomorphisms of
Z-indexed mixed Hodge structures:
This implies the formula for the rank.
(iii) This follows from the isomorphism (4.8) and Theorem 4, since the Tate twist (−1) changes the sign of the intersection form. We also use Serre duality of Hodge numbers
The last statement of (iii) follows from Remark 7. Proposition 10. Let f define an ADE singularity or be one of the exceptional unimodal singularities in [BTW2, Table 3 ] and G be a subgroup of SL(3; C) ∩ G f . Then the lattice Λ
f,G is isomorphic to the Milnor lattice of f .
Proof. Let Z 1 := Z ∩Y 1 . Due to the long exact homology sequence and the Mayer-Vietoris sequence, there exists the following commutative diagram 
which implies, by the proof of Proposition 9, rank H 3 (Y, Z; Z) = rank H 2 (Z 1 ; Z).
Hence, the homomorphism
is an isomorphism, where, for an abelian group H, H free denotes the free part of the group H. Since the homomorphism H 2 (Z 1 ; Z) → H 2 (Z; Z) is compatible with the intersection forms on these groups, the lattice Λ
and let W f = (a 1 , a 2 , a 3 ; d) be the canonical system of weights of f , namely the unique solution of the equation
By [ET2, Proposition 3.1], we have
is called the Gorenstein parameter of W f . The reduced system of weights
is a regular system of weights in the sense of K. Saito [Sa1, Sa2] . Then the usual Gorenstein parameter is
There are 14+8 pairs (f, G) of invertible polynomials f giving regular systems of weights with ε W f = −1 and subgroups G ⊂ G f with G 0 ⊂ G such that j G = 0 (cf., e.g., [KST2] ). The first 14 cases define the 14 exceptional unimodal singularities. For these systems of weights we can find invertible polynomials f with G 0 = G f . The BerglundHübsch duality f ↔ f is just Arnold's strange duality and G 0 = {id}. For the remaining 8 cases we have indicated invertible polynomials and their duals in Table 1 . We have also indicated the names of the singularities in Arnold's classification and the groups 
Proposition 11. For each of the Landau-Ginzburg orbifolds ( f , G 0 ) of Table 1 Table 1 .
Remark 12. The numbers α 1 , . . . , α m are the Dolgachev numbers of f which correspond to the Gabrielov numbers of f , see [ET2] .
Proof of Proposition 11. To construct a basis of Λ ordinates in such a way that the group G 0 acts on the coordinates x, y and leaves the coordinate z invariant. For i = 1, 2, 3, let K i be the maximal subgroup of G 0 fixing the i-th coordinate x i . Denote the order |K i | of K i by n i . Then we have n 1 = n 2 = 1. Let
be the Gabrielov numbers of the pair ( f , {id}) defined in [ET1] . For i = 1, 2, 3, set
Then γ 1 , γ 2 and γ 3 repeated n 3 times are the Gabrielov numbers Γ ( f , G 0 ) of the pair ( f , G 0 ) (see [ET2] ). (Note that we omit numbers which are equal to one in
, γ 1 , γ 2 , γ 3 , and n 3 for the pairs ( f , G 0 ) are indicated in Table 2 . Then we shall show that there exists a basis B = (δ 0 , δ 1 , δ 2 ; δ Gusein-Zade [A'C, GZ1, GZ2] is given in Fig. 3 . The group G 0 acts by reflection at the central vertex δ 7 . Let
and let
Then B = (δ 1 , . . . , δ 7 ) is a basis intersecting according to the graph of Fig. 2 .
Here the function h is of the form h(x, y) = x 5 + y 5 . A distinguished basis of vanishing cycles for this polynomial can be computed by the method of A. M. Gabrielov [Ga1] . It is obtained as follows: Let e 1 , e 2 , e 3 , e 4 be a distinguished basis of vanishing cycles for A 4 (x 5 ) and f 1 , f 2 , f 3 , f 4 a distinguished basis of vanishing cycles for A 4 (y 5 ).
is a distinguished basis of vanishing cycles for h. We extend these sets by e 5 := −(e 1 + e 2 + e 3 + e 4 ) and f 5 := −(f 1 + f 2 + f 3 + f 4 ). We extend the definition (4.9) to i = 5 and j = 5 as well. One has Sect. 8, Example 3]). The group G 0 is generated by the matrix g = diag(ζ, ζ −1 ) where ζ is a primitive 5-th root of unity. Then the generator g acts as follows:
Using the Sage Mathematics software [Ste] , one can compute that the following basis
gives a basis with the required Coxeter-Dynkin diagram.
• 
Again using Sage, one can compute that the following basis transformation  
gives a basis with the required Coxeter-Dynkin diagram. 
Using Sage, one obtains the following basis transformation: 
On the other hand, we consider the case G 0 ⊂ G.
be an invertible polynomial. Consider the free abelian group ⊕ n i=1 Z x i ⊕ Z f generated by the symbols x i for the variables x i for i = 1, . . . , n and the symbol f for the polynomial f . The maximal grading L f of the invertible polynomial f is the abelian group defined by the quotient
where I f is the subgroup generated by the elements
The maximal abelian symmetry group G f of f is the abelian group defined by
For a subgroup G 0 ⊂ G ⊂ G f , let G be the subgroup of G f defined by the following commutative diagram of short exact sequences
Let HMF L G (f ) be the stable homotopy category of L G -graded matrix factorisations (χ + χ T ).
We now restrict to the case n = 3.
Theorem 13. For n = 3, we have rank Λ
Proof. Since G 0 ⊂ G we have G ⊂ SL(3; C) ∩ G f . For i = 1, 2, 3, let K i be the maximal subgroup of G fixing the i-th coordinate x i , whose order |K i | is denoted by n i . By [ET4,
Corollary 2] we have
(n i − 1) , (4.10)
where j G is the number of elements g ∈ G such that age(g) = 1 and N g = 0. For simplicity of notation, we denote the rational weights of f by w 1 , w 2 , w 3 .
By Proposition 9 and the definition of the numbers h p,q ( f , G) we have rank Λ 
